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. , ABSTRACT

X With the introduction of the "Jumbo Jet" class of aircraft it has

become important to predict the aircraft wake turbulence due to the tip

# trailing vortex accurately. A yawhcad pressure probe has been used in

; the Virginia Tech 6-Foot Subsonic Tunnel to obtuin detailed mcan flow ﬁ .
measurements at stations up to thirty chordlengths downstrcam in an

aircraft trailing vortex. Mass injection at the wingtip luas been shicwn '
ffﬁiﬁ to hasten the decay of the truiling vortex. A theoretical method has \ \

been given to show the effect of the circulation distribution on the wing

on the structure of the outer portion of the vortex, and excellent agree- ‘ !
Iy ment with experiment has been shown. Exporimental results indicate a j

much slower decay- afid -higher tangential velocities than previously | |

oxpected., i |
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NOMENCLATURE

core radius, ft,

coefficients of series represonting wing circulation
2-D 1ift curve slope

constant in solution of Batchelor, radius of probe
wingspan, ft.

impulsive wingspan, ft.

wing chord, ft.

mean wing chord, ft.

root chord, ft.

wing 1ift coefficient

midspan section 1lift coefficient

induced drag

inner vortex energy

outer vortex energy

exponeritial integral

force between vortex and probe

Batchelor's function

momement of irertia with respect to centerline
moment of inertia with respect to cente# of gravity
flow pitch, degrees—

flow yaw, degrees

probe coefficient

hole coefficient
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mass flow rute, &lugis/sec
pProssure

total prossuie

static pressuro

freestrean static pressure
probe holc defined pressure
dynamic pressure

swirl Reynolids number
time, sec,

Reynold's stresses

axial velocigyitf
freestreéml,'_;el—bcity
freestigga'velocity

cai%ésiah.toordinate velocities

cylindrical coordinate velocities
corrécted tangential veldcity
Batchelor's freestream velocity

center of gravity of vortex

.coordinate directions

angle of attack

zero lift angle of attack

strength of undeveloped discontinuity behind wing
circulation

circulation at core radius

circulation at root of wing ——— —

coordinate direction, transformation angle, vortex roll angle
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" viscosity
v kinematic viscosity
Vi effective kinematic viscosity
p mags density j‘
W s01id body rotation speed
G simiiarity - R
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INTROMHTION

e e e re———

ihe prediction of the turhulence trai) of an aircraft has bocome
rxtremely important with the introduction of "Jumbo Jet' cla nffoﬁéﬁ;'”'"
into high density terminal areas. The FAA has initiated holding ftm;;;
after humho fet operations that nullify tho advantages of the large
aitcraft. In additicon the next gencration of avionics will allow aéﬁg______
craft to land and take off with virtually no interval necessdry bef;een~
aircraft. fIn order te minimize the wait time of aircraft on the gfoﬂhd
and in the air, with its accompanying noise and chemical pollution, the
wake turbulence must be predicted accurately, and reduced or eliminated
LE possible, allowing the most ctficient use of present airport faciiaties.

It has been shown! that the wahe turbulence is diue to the tip

trailing vortex and this has led to incredscd publicity and pilot é.
cfforts regarding the behavior and dangers of the trailing vortex. Increased
theoretical and cxperimental research efforts are being employed‘gad two
recent specialists meungsz'3 have been held. The meetings pof;ied out

that although a Ivtailcd set of measurements is sorely ncéded‘Z;.distaﬁces
far downstream of the wing, th# vortex is catremely dlfflcui%wia medsute

with i>prdﬁe since the vortex reacts to the placement of Q;; object in the
vortex core. The teast umderstoud aspects were found to be the axial flow
far downstream, and the possible e¢xistence of secoridary vortices rolling

around the primary vortex. Flow visualization methuds were st.ongly recom-

mended as a  means of study, but because of the difficulty of obtaining




Guantitative information by flow visualization techniques and the need

for such information for compurison with theory, the present work explores
the possibility of making measurements in the vortex core with a probe, A
detailed set of measurements are prosented using this method.

Aircraft wake turbmlence and trailing vortices have heen the stbjoct
of many studies in the pust, but interest has contered on the of fects near
the aircraft, such as the cffects of the vortex and wake on the il and
control surfaces of the aircraft and on the following blade in helicopter
rotor blade interaction studies. The trailing vortex, o picturcd in
Figure 1, is a result of the circulatory litting tlow on the aireraft wing,
The classic Joukowsky Theorem gives the relation botween circulution
1lift. Hence the large gross weiphts of the new atierat? can be expected
to generate muck larger circulation und thus larpcr, more intense trailing
vortices., According to the Prundtl Lifting line theory, the ciroulation
occurs as a bound vortex about the wing, and since the vortes cannot “eqd"
in the fluid, it turns at the wing tip and prececds downstioam behind the
wing. Any wing shape can be simulated by wuperpos it jon ot these "horse
shoe vortices'. Much work has been done on the way in whach the Jdistribated
vortices tend to roll up into an single vites flowing downstroan beliind
each wing tip. Indeed a figure of this phewnmena was given by Lanchester
in 1907, and is reproduced in Figure 1. Good doweript jons of vortes red hup
have been given by Spricter and Sucks”, amd Hachett sl vans'. Ronghiy,
the structure of this resulting vortea can be desepribed a5 oan onder Py e dd
vortex, and an inner viscous corve thot exhibito o rotation cimitae te tho!
of a solid body. The present work crsmines the watnre of theae Crailing

vortices and shows the dependence of the onter anvisord vortes on e
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initial conditions, i.c., distribution of the circulation on the wing.
Of the many investigations ot the downwash behind the wing, only
three studies have been made at several chordlengths downstream in the
fully devetloped trailing vortex. Fagpe and Simmons” (1925) conducted
tests at ap to 18 chordrengths downstream using a hot wive ancmomet or,
A comparison of the hot wire metaod aud a pressure probe wethod showed
that for the axial velocity disteibution u/U -1 for the pressure probe,
e w/U - Lo the hot wire anemometer. Mow‘l’urth7 has conducted
caperiments ot up to U Chordlengths downstream, and attempted to
Mithe static pressure measurement s, Ao velocity profiles are prescnted,
And the medsurements were mide with an extremely smald wind tuniel and

probe. Peyhars the experiment most siwrbiar to the present work was

N
coempduet od by Hitapaaeh Mewrement s were pnde at chordlenpths up to
YO0 bovend wha b fasparek fomd b imposaabibe to heop the probe in
Tl vonte T Thos expevrnent the <ot i procare wao ansumed conetant

dorost the vttt s
Bovont wovk veogny 4 bavecy sesbhe b and 4oty A vebes oty by been
4 . .
done hy Chyprer and Caor cap o vy o ot owii ERNAI KTEI LT 1 RSYTY RUNY |
Jdistancen up to fonr chordtenptb downat vem Phe voabte Shaow o velen 3ty

OVer noot b The yeaton cone s T e dbntere s tane to oo that the wogh

Jone Hoapp bed e joobo s o veleo by cac o et whinbe wor b ey - tra b ey

presst e ol ‘H'«'“nhif 4 verdoc ety abebe ot Ceacaad o et b e end by
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a vortex produced by a single uirfoil. This technique, originated by
Hoftmar and Jouburtlo, is being used by Donaldsonll, and has becn used

in recently reported work by Poppletzon12 which included the cffects of
mass injection.  Another recent investigation including the effects of
mass injection at the tip was conducted at VPIGSU13 using a tuft grid at
distances up to thirty chordlengths downstream of the wing. These experi-
ments are summarized in Table 1.

Vortices have been a classical part of the study of fluid mechanics,
but the difficulties of describing free viscous vortex flows and the
apparert lack of applications have resulted in relatively few theoretical
investigations of these flows. Hall14 has given a thorough discussion
ot such flows. An important recent contribution to the stability theory
of trailing vortices has been given by Crow15 and is not discussed here,
since the present vortex observed experimentally was stable and well
behaved, and interest lies in the simple viscous decay of the vortex.
Butchclor16 has shown for laminar flows that in cases where the velocity
excess or deficit in the core is small compared to the freestream velocity,
the cirvcumferential velocity distribution is identical to the solution
piven by Lamb17 for the impulsively generated planar vortex by use of the
simple transformation Z/U = t.

The theory of turbulent vortex cores is at best primitive, despite
the faet that the trailing vortex is turbulent as is almost cvery real
vortex.  The simplest method of dealing with turbulent flows has been to
employ the concept of an eddy viscosity in which the turbulent diffusivity

is supposed to be dirveetly proportional to the molecular viscosity. With

IR TS
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this assumption the governing cquations arc reduced to the laminar casec
and mcthods used for laminar flows can be applied to the turbulent case.
Squire” " gave the first solution using this concept, making the cddy
viscosity proportional to the circulation at the plane of symmetry of
the wing.

Further improvement on the theory can be achieved by using a dif-
ferent viscosity model for the flow in the axial direction. This approach
has been uscd by Fernandez and Lubard!? in an integral approach, with the
results showing that adjustments of the initial conditions could cause
singularities in the solution. These singularities are supposed to
indicate conditions that would correspond to vortex breakdown. This is
the theoretical justification for varying the initial conditions experi-
mentally tkrough mass injection. All of these theoretical and experimental
efforts seem to indicate that vortex decay due to simple diffusion is one
of the least rapid diffusion processes that occursin free turbulent flows,
hence the necessity to predict it accurately.

Until recently, it has been supposed that the vortex exhibits a 1/r
"potential" type behavior immediately outside the vortex core. Donaldson20
recently reviewed an early study by Betz21 which shows that this is not the
case, and that the outer inviscid vortex depends on the cirulation distri-
bution about the wing. Betz performed his calculations for the elliptic
wing case, and Donaldson was able to show that this theory describes the
outer portion of the vortex much better than any theory which included
viscosity effects. The present work extends this thcory to include any
wing planform that can be described using lifting line theory, showing the

importance of the various parameters for the outer portion of the vortex.
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EXPERIMENTAL INVESTIGATIO:

The cxperimental study was conducted in the VPIESU 6-Foot Subsonic Wind
Tunnel, which has a test section 28 fecot long. An NACA 0012 rectangular wing
was placed at the test scction front, allowing measuring stations of up to 30
chord lengths downstream. This wing was also modified to allow mass injection
at the wing tip. The vortex was investigated by use of small 5-hole yawhead
and static pressure probes. Pressures were measured on three inclined mano-
meters and the probe orientations were measured by potentiometers, with read-
ings recorded on a digital voltmeter. The details of the apparatus, test
procedurc, and data reduction are given in the following paragraphs.

The VPI&SU 6-Foot Subsonic Wind Tunnel is a continuous, single-return,
closed test section tunnel with a 6 x 6 foot square test section. The tunnel
turbulence level is very low due to seven anti-turbulence screens upstream
of the test section. Preliminary calibration of the wind tunnel was con-
ducted using a large yawhead probe, mounted on a mechanism to traverse the
entire tunnel width. Horizontal traverses were made at the test section
midpoint, halfway between the floor and ceiling of the tunnel. A vertical
traverse was made at the point corresponding to the leading edge of the
wing. Results show low flow angularity and total velocity variation at
the test scction midpoint, and an acceptable variation in properties at
the wing station. Figure 2 shows the results of the preliminary calibration,

Tunnel speced is controlled by coarse and fine rheostats. The operator

used a Merriam Micro-Manometer attached to a pitot-static tube placed in




an arca frece from the wing disturbance in order to control the freestrcam
speed. Attached to the same pitot-static tube was a pressure transducer
used in conjunction with a Barocell electric manometer. This manometer
was placed on the table with the special test instrumentation, allowing
operators to monitor the tunnel speed while performing the tests., Free-
stream temperature was monitored by a temperature probe at the wall of
the test section and recorded on a Digitemp temperature gauge. The pres-
sure in the wind tunnel test section is identical to that of the control
room since the room is in a large pressure-sealed building. The static
pressure was measured on a Kahlsico Precision Aneroid Barometer Mk 2.

An NACA 0012 straight square-tipped wing was mounted vertically
from the center of the tunnel roof one foot from the front of the test
section. The mounting allowed the wing to be set at variable angles of
attack,and placed the free wing tip near the center of the wind tunnel.
The mounted wing is shown in Figure 3. This mounting allowed placement
of the traversing mechanism at up to 30 chord lengths behind the wing
before the flow reached the diffuser section of the tunnel. Complete
specification's of the wing are given in Table 2. The present tests were
made using a wing angle of attack of 7%° to produce a strong vortex.

In order to include mass injection at the wing tip, the wing model
was modified to carry a copper tube % inch in outside diameter along the
leading edge and tip as shown in Figure 4. Mass injection was obtained
by metering air from an available high pressure supply using a simple

orifice metering system constructed according to the specifications given

2
in the ASME Fluid Meters bookz‘. Jet operating conditions for the tests




are given in Table 2. The wing was tested on the mechanical balance
system for comparison of the wing lift and drag coefficients with and
without mass injection and the results are shown in Figure 5.

The traversing mechanism used in this study consisted of an exist-
ing traverse that providced one translation movement (vertical in this
test) of 4 feet. The basic traverse is shown in Figure 3. Added to this
assembly was an adapter unit that allowed a probe to rotate in pitch and
yaw around its point. The general layout of the adapter unit is shown in
Figure 6. It was designed so as to be rigid in intensely swirling flows
while presenting minimum disturbance to the flowfield at the point of
the probe. Throughout the tests no vibration of any probe could be
dctected visually, insuring accurate pressure measurements. Rotation in
pitch is accomplished by a machined steel arc and track. A flat rack gear
was silver-soldered to the arc, creating a curved gear of 28 inches pitch
diameter. This allowed a rotation of 34° at the probe point. The rack
gear was driven by a l-rpm Hurst motor, spring mounted for constant
tension on the curved rack gear. The motor gear was of one-inch pitch
diameter, and produced a rotation speed of 0.2 degrees per second, which
was sufficiently slow to insure positive control of the pitch position,
measured by a Bournes ten-turn potentiometer. This was connected to the
motor shaft, and.a constant 5 volt power supply was then connected to the
potentiometer, with the voltage position reading then made on a Doric
digital voltmeter. Rotation in yaw is accomplished by design of any probe

attached to the system such that the point of the probe is above its shaft

»

as shown in the detail Figure 7, so that it is free to rotate about its

L
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shaft. The probe is then rotated by another l-rpm Hurst motor mounted

on the traversc arm through a seriesof linkages., Tts position was th'n
monitored by a l-turn Bournes potentiometer mounted dircectly behind the
probe as shown in the figure. The position was mecasured using the same
electric system that was used to obtain pitch positions. The range for
the yaw was about 70 degreces and the speed of rotation was 0.4 degrees

per second.

The 1/8 inch outside diameter yawhead probhe used in the investigation
was custom built for the experiment by United Sensor Corporation. It had
5 holes, with one hole in the middle, of the point, and opposite holes in
the vertical and horizontal planes. The entire probe is shown in Figure 8.
By m;asuring pressure differences between opposite holes in the same planc
the angle of flow can be determined. The probe showed a linear response
over a range of + 10°, and the small holes and long pressure leads caused
the pressure difference read on the manometers to be very slow in coming
to an equilibrium state. The 1/16th inch 0.D. static probe used in the
experiment was also made by United Sensor Corporation. This probe, as
shown in Figure 8, has a much smaller area than the yawhead probe. The
entire test installation inside the tunnel is shown in Figure 3.

Three inclined manometers were used for the test. All manometers
used a red manometer oil with a specific gravity of .826, The total
pressure was measured on a Dwyer manometer that was incremented in intervals
of 0.02 inches of water. The total pressure measured was referenced to the
freestream static pressure. Pressure differences in the horizontal plane

were measured on a Dwyer manometer also graduated in 0.02 inches of water,
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and the manometer had an operating range of + 1.1 inches of water, Vertical
planc flow angularity was measured on a manometcer constructed in the
Aerospace lngincering Laboratory, and was graduated at intervals of 01
inches of water. All manometers were operated using the pitot-static
tube that was the standard for the test, and no deviation between thesc
manometers and the reading on the Merriam Micromanometer was found.
Additional lighting was placed on the manometers and readings were taken
with a magnifying glass. All pressure lines were standard thick wall
plastic pressure tubing. As a test for leaks, a cover was placed over
the 5-hole pressure probe tip with readings on the manometers out of
their equilibrium position and left overnight. No change was found in
the readings over a twelve hour period, and it was concluded that there
were no leaks in the system.

The special instrumentation used for the test was grouped as shown
in Figure 9. Notice that the control box for the adapter unit contains
a voltmeter to monitor the constant 5 volt power supply, and the electric
manometex is below the digital voltmeter, allowing a constant monitor of
the freestream dynamic pressure.

After the calibration of the tunnel a tuft grid study behind the
wing was made as described in Reference 13. The yawhead probe was then
calibrated for the linearity of the’potentiometers in yaw and pitch. In
pitch the zero angle was defined as the angle in which the probe was
parallel with the base. In yaw the zero angle was defined as the point
where the probe was perpendicular to the plane of the front of the base.

The probe was then examined to assure probe tip rotation about a staticnury
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point, Through scveral hundred cycles of the cquipment du::.p  iibration
the zero angles did not vary. With the mechanical characte, .utics of the
traverse defined, the charactoristies of the piobe were examined. Cali-
bration tests were conducted at fr. sstream dynamic pressures of 1, 2, and
» inches of water, with bei. pitch and yaw scnsitivity recorded, The probe
was tested in btk upright and inverted positions in order to determine
the probe error. The results showed that the probe had no error to the
accuracy of the experiment. Calibration curves for probe position and
flow angularity are given in Figures 10 and 11. The flow angularity
curves were repeatable for a large range of values of dynamic pressures
over the range of interest.

The change of indicated dynamic pressure with yaw angle was also of
interest for the yawhead probe and is given in Figure 12. The static
pressure probe was calibrated for the reduction of static reading with
yaw angle increase, and is given in Figure 14.

The procedure used for the investigation of the trailing vortex was
straight forward, All the information necessary from the yawhead probe
was ohtained, and then the same series of tests was conducted using the
static probe. The parameter study conducted is outlined in Table 3.
Initially at each station the vortex center was found by raising the probe
until the yaw angle of the flow was found to bc zero, and then the traverse
was moved laterally in the test section until the pitch angle was found
to be zero. Because of symmetry, the vortex center will occur where both
the pitch and yaw angles are zero. Once the vortex center was found, a
vertical traverse was made starting from the center and going 4 inches

above the center (epproximately 8 core radii), and then returning to the

ol
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ceater and travelling 4 inches below the vortex center., Originally it
was planned to allign the probe so that there was no flow angularity
relative to the flow. It was found however that moving the probe in the
vortex caused the vortex to move. For example, a movement in the yaw
direction could cause the flow angularity in pitch to change drastically,
indicating that the probe was no longer directly above the vortex center
where the pitch angle was nearly zero. Becausc of the importance of
knowing the relative position of the vortex center and probe in order to
reduce the pressure data into velocity profiles and accurately find the
core radius, it was decided not to move the probc in yaw or pitch while
traversing the vortex. Thus the disturbance of the vortex was minimized.
Another related problem was that the static pressure measurement had to
be made with the probe alligned with the local flow direction. Therefore
the static probe was much smaller in projected side area than the yawhead
probe, and it was assumed that the disturbance of the vortex due to the
static probe moving in yaw was negligible. It was found pussible to make
the static pressure measurements using the static probe only in the case
of mass injection, due to the low flow angles and gradients involved in
the mass injection case. For the normal trailing vortex it was found that
the static probe could not be aligned in the flow with adequate confidence
and centerline total head minus freestream static measurements could not
be adequately duplicated at the same positibns. Thus a method for
determining static pressure from the yawhead probe was used. This method

23

was described by Winternitz®”, and involves several additional calibration

curves (Figure 13, Uso of this method showed consistent results with the

pressure predicted from inviscid considerations and high repeatability,

SR e
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dnd the results from this method in the area of the centerline were used
to hey the inviscid theory for static pressure distribution,

bata reduction was accomplished in o manner that allowed for casy
compirrison of data reduction performed four various assumptions. Several
denerzl assumptions wera made; the most basic of these was the assumption
of incompressible flow since the Mach Number was never greater than .1 for
any test, It was also assumed that the vortex path was parallel to the free-
strecm path, This is consigtent with carlier worklg showing that after a
distance of a fow chordlengths downstrcam of the wing the vortex travels
parallel to the frecstream, This study does not make any conclusions as
to the path ol the vortex due to the effects of the tunnel walls. However
in the analysis of flow properties at particular stations, it is assumed
that the wall has no effect. This seems justified since the vortex core
is at least 24 core diameters from the nearest wall. Any pressure gradient
in the freestream direction would have an effect on the vortex, but the
VP! 6-Foot Tunnel has a negligible pressure gradient throughout the entire
test section.

The experimental information was obtained in the form of pressure
measurements from the yawhead and static probes; and probe position
measurements for vertical height, pitch and yaw rotation angles. From
this information, the angularity of the flow and the local static and
dynamic pressures could be determined using the calibration curves and
sign conventions given in Figures 10 through 15. Because of the
importance of minimizing the vortex disturbance due to the presence of
the probe, preliminary work indicated that the most accurate method of

traversing the vortex with the yawhead probe was to keep the probe

A
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stationary in yaw and pitch, while moving verticully through the vortex
center. The total head reading ervor was then corrected due to the large
flow angularity by usc of the calibration curve (Figurc 12). Initial
results assuming a constant static pressure distribution showed very high

circumferential velocitics, Examination of the radial momentum equation,

L P 2

5 37 “Ve/T (1)

shows that if %3 is large then 3P/3r cannot be negligible. Because the
yawhead probe was calibrated in a uniform stream for AP/Q indicated, it

was difficult to decide what the proper indicated dynamic pressure for

initial data reduction should be. Preliminary work indicated that there was a

slight axial velocity excess in the core and thus it was assumed that the

dynamic pressure to use initially was that of the freestream. Using this

v

dynamic pressure the initial flow angularities were calculated. Using
these angularities the static pressure probe traverse was made. Then using
the correct static pressure distribution the final dynamic pressure and

flow angularities could be calculated. This was possible because inspection
of the static probe calibration shows negligible error for misalignment
angles less than ten degrees, and none of the corrected angles were more
than ten degrees different than the initial angle.

The various axis system and sign conventions for determining the

velocity profiles are shown in Figure 16. Note that from Bernoulli's

incompressible cquation
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the total velocity V, can be calealated (rom

S
v o- // AL P ) = 0T ] (3)
. - 4

The velocity components Vx, Vy, and Vz arc then known at any point in

the flowticld, For this study the vortex is assumed symmetrical and the 1
velocity components of interest are Vr’ Wa% VZ, which arce obtained by the J
transformation 1
V =V cos9+ V_ sin6
T X y
Ve = ~Vx sing + V)’ cos 8 (4)
vz = vz
where
V. =V sin (FP) ‘
* y
V, =V cos (FP) sin (FY) (5) 1
VZ = V cos (FP) cos (FY),
i
and FP and FY are the total flow pitch and yaw angles respectively.
. - |
In the present case traverses were made parallel to the wing trailing !
edge, and hence 6= 0°, and the above relation (4) simplifies to
l
i
Ve = Yy s
\le = Vy (6)
V=V,
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With %3 known, the circulation ', can be calculated from
I =2nVr , (7N

where r is the distance from the vortex center defined as the location
of %) = 0.

As stated previously, for the mass injection case the measured static
pressures were used in all calcvlations. In the cases without mass
injection a method of obtaining static pressures from the yawhead was
used. Data points were not obtained for every point originally investigated
when the data was *ound to fit the theoretical pressure distribution
described in the Theoretical Considerations section. Thus the data was
reduced based on static pressures from the theory, where tke theory was
keyed to the experimental data at the centerline of the vortex.

In order to obtain the static pressure from the yawhead several
additional calibrations based on a uniform stream must te usedzs‘ Initially
the yaw angle ¥ is found from the calibration probe constant

(P,-P,)
K = 5 4

at each point. Using the defined calibration curves

where q is the dynamic pressure, we can write

I & U
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q - (Ps-Pspe) = (Pg-Porl)
ks - K4

and hence

PoePspa) = (PyPypa) - aky

Combining the above relations an expression for the static pressure

can be obtained where ¢ is known from Kp.

ste
K

g (PP YK, (PP )

(8)
5~ %

(PP i)

st stw

Using the above results on the centerline the data and theory were

matched. On the axis the pressure is

(pstw'Pst)
From the observation that Ac’ the core radius, seemed to be indepen-
dent of the method of data reduction it could be assumed known for each

case., The data and theory were then keyed by solving for T

3

(P rePge)
- =0 (9)

sto

[ = 27A
c

The pressure distribution from theory was then used across the

vortex.

L
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THEORETTICAL CONSIDERATIONS AND INVESTIGATION

Although the present work is mainly experimental, it is important to

understand the theoretical aspects of the problem in order to interpret the

results intelligently. A description of the generalization of a method 1

due to Betz to include arbitrary wings will be given in some detail to
clarify some points of confusion in recent literature due to several
sign errors in the translation of the original work. Viscous theories
will then be discussed in order to examine the correlation between theory
and expgriment. »
It is planned to study the effect of wing plan forms and other wing o
parameters on the inviscid portion of the trailing vortex, and therefore
obtain information on the desired wing for minimizing the trailing vortex

disturbance. In order to use the method of Betz it is necessary to know

P4

the spanwise circulation distribution of the wing, T(y), and also its

derivative, dr/dy. Many methods for finding these properties have been .
. 1
proposed, but for initial work the method of Glauert is simple and

satisfactory. It is felt that a brief description of Glauert's method

must be given before the method of Betz can be described. i

‘ i
The monoplane equation is used to solve for the unknown coefficients \

of a Fourier series representing the circulation distribution. Its !

derivation can be found in any aerodynamics text24. It is written here ' )

in the form

WB)a @ =] A_sinne (1+ gli‘%)) (10)
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wheroe
a ly®)lely@)]

e . RS
and
u(0) = a(t) - ao(O)

S = semi-span
a, = lift curve slope for 2-D airfoil

¢ = chord

o = geometric angle of attack
o, = zero lift angle of attack

Y = scosd - transformation between y and o

By knowing the wing shape, Eqn. (10) can be solved for the coefficients

desired, An’ and the circulation distribution for a given wing can then be

written

(e 4]

F'=4sV) A sinno (11)
. n
i=1
where V = freestream velocity.
We can also compute
dr _ dr ds
dy ~ d dy
o
where g% = 45V Z nAn cos no (12)

P

_ 3e__
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and

%1 =(- 4V InAn cos m)/sine (13)
y 1

It is noted that for symmetric loadings Ah = 0 for n even.

As an example the coefficients A, have been computed for the wind
tunnel model and the coefficients are found to diminish rapidly. The
I'(y) distribution is given in Figure 17,

BetZZl, in 1932, gave some theorems on the '"Behavior of Vortex
Systems", These can be applied to trailing vortices and Betz applied
them to an elliptically loaded wing. Donaldson20 recently rediscovered
this work and states the needed theorems from Betz's work as:

1. All the vorticity shed by each half of the wing is found rolled
up in the trailing vortex behind the appropriate half of the wing;

2. The "center of gravity" of the vorticity distribution remains
at a constant distance from the plane of lateral symmetry ;

5. The "moment of inertia" of the vorticity shed by each half of
the wing about its '"center of gravity'" is a constant,

For the present work these theorems can be expressed as:
dr /2 gr

b/2
g I dy = const, = Po = £ i dr
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In order to show the method of calculating circulation distribution

in the vortex, the discussion of Betz is presented with some added clari-

fications., First examine the undeveloped area of discontinuity behind l

the wing. (See Figure 18). The total circulation of one group of the

undeveloped area of discontinuity from Y, to s is

? ar 1
Ty = [ 5 dy . (14)
Y1 -

The distance of the center of gravity of this group can be computed as

follows: (See Figure 18)

S
J yaa
yp =2 (15)
f da
1

From Figure 18, we see that

-

dA = y(n) dn , (i6)

where we let y(n) denote the strength of the trailing vortex sheet

per unit length along y. |
It is important to realize that the strength of the trailing vortex

sheet per unit length is equal to the change'of the circulation per unit ‘

length at somc Y1 since this gives the amount of vorticity that must be

shed by the wing at this point. Since the circulation is maximum at

y = 0 in most cases, and decrcases to zero at the tip, the strength of

the trailing vortex sheet per unit length vy, must be related to the
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circulation T by

y(y) = ”d](Xl- (17)

and hence

A = :—%ﬁ- dy, and (15) (18)

[ yEEO gy

becomes Y =

- _ -1 _dry)
17T y[ Ty Y (19)

Here we note that using the Glauert method we will find convenient

the transformation
Y = scos0, or cos® = y/s, sind = ]1-()'/3)2
and dy = -ssin8do (20)

Using (20) we can transform (19) and obtain

8
- 1 ] dr (-5 sin 0)do
Yy = oo ] ){ s )(“ s afll’l‘b)
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combining terms and reversing the new limits obtained

0
— 5 1 . dr

Similarly we can compute the moment of inertia of the group with

respect to the center of the area of discontinuity (y=0), which is

R g2 9
i Jo=f y©aa (22)
,-4",[ yl

from the previous definition of dA we have

S

. 2 dr

JO s - f Yy -&-}-’-dy . (23)
1

Using (20) we can transform (23) to

7]
2 7l d
Jo(yl) =8 £ c052 I de . (24)

T

The inertia moment of this group with respect to its center of
gravity (?i) is
Jo=J_ -1 §.2 (25)
Yy °y Y1 1.
1 g .
This moment of inertia must exist after the discontinuity has
rolled-up into a trailing vortex.

Now, from Betz, we see that the coiled up group can be assumed to

be circular (the effect of one tip vortex on the structure of the other
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is assumed negligible) so that circulation can be given as ' = £(r) only.

The vortex group from y; to s is coiled up into a spir.. which fills the

circle with radius r. Then the circulation of Pr must be equal to the

original vortex group,

.= ryl , (26)

and likewise, the inertia moment of the vortices coiled up in this

circle must be equal to the original inertia moment of the vortex

group

ar 2

ﬁ;rdr--J

y (27)

[
L]
i
O Y~

Permitting r to increase by dr, then y decreases by dy and ¢
increases by d6 under these premises. The result is an increase

in circulation of

BPr aT
ITE dr = SEX' de (28)
and in inertia moment of
or aJ
T 2 - oY n
Fraiy dr - % do. (29)

Then the differentiation of (25) gives

4
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S R - b7
ST Y TR S W Pyl Y1 50 ' (30)
Substituting for 3Jy/a6 into (29) and rewrite 1
i) ar —
N —3J - - aJ oy,
L ary 1 2 P 0 1 2 . - o
" e dr = =5 ' ) ‘dﬂ = S CYm Y yl - Zly yl YO do  (51) ‘
, r - - T e 1 -
1
and from (28)
aJ or
1y = L
~7 5 40 = g5 do
T
oy
and thus = -g—?,— . (32) *
4 {
a6
§
1
This can be written in final computatinnal form ‘
:
{
5 1
r = / aJ /00 - (ax‘y/ae)y1 - 21‘)'1 y; (9y,/80 |
AL ‘ (33) N
41
g
(
The relation between Y1 and v is known and all that remains is to !
calculate j
T
l
Ty =1lyy) \
1
and I (1*1) will be known from 26. Then !
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o Zmr (34)

The computational details can be derived using the method of
Glauert and recalling the transformation (20). With the coefficients
A, known for a specific wing, the quantities ;i, 8?&/86, Jgy» 3J /08,
can be readily evaluated.

First the computational formula for ;& is obtained, )

Recall that

6
- S 1 dr
yl-m({cose-&? de

-9 2 1% = 3
= . /7 A cos®edo + [ ] nA_ cos 6 cos néde .
4sv J A_ sinne, — © 0 1=3 -
6. 1
i=]
1
and finally \
o s ---Alel Al sin 281 o sin(l-n)e1 sin(l+n)61 -
17 2 T3 ' Zg, "o I 2 ),.i' o

o
.2 An sin nel !
i=1

(35)

Now calculate 8?&/39.
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M1 aqe
Let — .'_g_g..),
26 00
where f == > ,
’Z An sin no
i=1
A A

0 P
_ 1 1. sin(l-n)6
g = ——+ 7~ sin 26 +1§3 nA_ ( (1-n)

2(1-n)

. sin(1+n!e)
2(1+n)

s

-S Z nAn cos nd
of _ _i=l

a8 o 2 ’
9 A sin ne)
i=1

3y _ 1 a_ |7F sin(1-n)6 . sin(1+n)6.”

e -7 ¢ 2 T —dZS “An ( 2(1-n) * 2(1+n) 1_

= L A,+A. cos 20 + E nA_ (cos(l-n)6 + cos (1+n)0) |,
2|11 je3 D =

and the result can be stated:

D T
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-S Z nA cos nt
ay . n 1 A6, A o .
1 i=1 171 1 sin(l-n)6  sin(l+n)o
5= (—% 9 ) (= g sin 20 +i£3 niy 0 " 20w )
(Y A sin né.)
2 'n 1
1
s[A;+A; cos 20 + | nA_ (cos(1-n)6 + cos(1+n)e)]
+ Lt : (36)

2.2 An sin no
i=3

Next we calculate Jo’ where

_ .2 2 4
Jo(yl) = s g cos” @ I de
so that
0, w
J ) = 453V fl ‘Zl nA_ cos® 68 cos no de
0o i=

#

3] o
asdv fl 7 nA (l-+ 99§—39-) cos né do
o j=1 M 2 2

s

2An sin no + nAn csin(n-Z)e . 51n(n+2)6)]

Typ TsVELL R N e B T

1

(37)

and we obtain BJO/BG by differentiating (37)
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i

2A_ n cosn + Y nA_ (cos(n-2)6 + cos(n+2)8)].,  (38)

3 o
2= 5% (] .
i=l i=]

i

Wings of several types were investigatcd. An example for the case
of Betz and the wind tunnel model is shown in Figure 19.

With the outer portion of the vortex described excellently with the
present theory, it proves instructive to re-examine the method used by
Prandt@stoca]culate the core radius and maximum velocity. Energy
considerations are used, assuming that the vortex cores are circular and
rotating as solid bodies. The energy of the inner and outer region of

the vortex must equal the induced drag of the wing,
D; =E =B, +E_. (39)

Di can be given in terms of the coefficients An by

2,,2 2

D, = 2ps°V “igl nA . (40)

The solid body rotation energy is given by

tm
n

A
c T 2 r. 2
2 (%) / o) G)° 2mrar
0o C C

1}

g (40

Here T is the value of T at the core radius Ac.

For the outer core, the energy will be given by,

- ” N




where qQ = Vo = 53—

and we can calculate this in terms of r,

2 = sz
B,=/ 5~y rdrde
o A (2m)
c
228 2rrdr
2.2
A (2m)°r
(o
© 2
= f er_ dr,
A 27T
c

and here we follow the work of Prandtl and integrate to b',

b r,2
o 27T T
Ac
Note that T' = I'(r) for O<r<r(y/s=0)
- r(y/s=0) .2 b' 2
= P I I
EO = 5 f dr + f

- A, i r(y/s=0) ¥

(42)

.4
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For our purposes it is sufficiont to use the elliptic wing casc and the

approximation for I'(r) used by Donaldson, i.e.,

1.
‘2

2
ro [6 () -9 1 0xr/b- 1/3

—
1

I = ry r/b >~ 1/3

where b = wing span.

We note that if we use the assumption of Prandtl,

- Ac
I'=T, for r/b > 5

we obtain

crl>
2]

= ,086,

Also, the energy is infinite if Ac + 0. It is well known that

Ac/b is an order of magnitude too big. However, in our case it is

seen that

lim T = 0

and we realize that the energy associated with the term Eo is finite

as Ac -+ 0.

With these observations, it is possible to proceed with the calculation

of

L

2




or

Pgnz Fg 2. /3 r? 2 bi/b d(r/b)
7 =7 16 (z/b) - 9(x/p)71 + [ (r/b) d(r/b) + T {/3 (r/b)
c
b

which results in a quadratic for Ac’

A A
c.2 c ~
(S—- -2 5 - .04784 = 0
or Ac
b = -,024, 2.024. (43)

The above calculation shows that with the proper description of T'(r)
it is not possible to calculate the core radius Ac from consideration
of the kinetic energy due to swirl without including the effects of
viscosity. Since the core is a viscous offect, it is certainly com-

forting to realize that the concept put forth by Prandtl does not predict

[P SO 3
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a plausible answer when the correct value of I'(r) is used. Thus the
energy of the viscous core must be included in calculations for core
size,

Since the approximation
Tapp %) 2 Tpep ()

over the range of the wing, it is seen that if the core radius cannot
be predicted for the approximation it will not provide a correct
prediction for the actual circulation distribution.

Acknowledging the need to predict Ac from viscous considerations, it
is instructive to inspect the variation of static pressure through the
vortex. It is well known that pressure gradients are calculated from
inviscid flowfields. Examples are the assumption of constant pressure
across boundary layers and many free turbulent flows. Therefore we will
investigate the pressure variation by inviscid considerations. The
variation will be calculated using the Rankine vortex or uniformly dis-
tributed vorticity model.

In the vortex core solid body rotation is assumed, i.e.

where w is the angular velocity

' = ZﬂrVO @ 27T wT = Zﬂr%u

and the circulation at Ac must be

R~
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[ = 27A° w
C
and we can solve for w.
W = L
27mA 2
1
r
and V. = T for r < A 1
] 2 c
2ﬂAc

where T is the value at Ac and in the outer vortex

By noticing from preliminary experimental work that in the outer
portion of the vortex the axial velocity is very nearly the same as

the freestream velocity, Bernoulli's Equation can be written

4

i} 2 _ 2, .2
Py = PhpV” = Peip(V_% V)) .

As 1 + o, Ve + 0 and

so that
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P+t V2w P e hpvEevd)
® o

and P, - P =t - V%) s v 2
it Vv o,
E
P, - P= lzpvez , ‘
L
substituting for VG
]
PZ
P P = 9_5_; for r > A (44)
«© 8 e C
T“r

where T' is the value at r = A. and is determined from experimentai
work.
In the vortex core the flow is not irrotational and Bernoulli's

Eqn. is not valid in its simple form,

The governing equation can be written

2
.o
r P T
i
and f
T
V, = T .
® 2n’A§ ¢

Therefore,




2
] QFZ N r?’ + const,
m Ac
and the pressure must match at r = Aoy ie.,
pP2 P2
Pm»2 5 + Cconst, ﬂpo-‘e-":z"'z'*,
87 Ac 8n A,‘
2
const. =P - pP2
4n°A
2 2
and P = pP2 T r2 + P, - pPZ 3
87°A 47°A
c c
pP2 r2
and P -P= (1 -=—) for r < A, (45)
® an’a? 242 c

In order to predict the decay of the trailing vortex it is necessary
to consider the effects of viscosity. No ccatribution is made to the
theory, but a brief outline of results is necessary in order to )
intelligently analyze the data. For a discussion of the governing

equations Hall14

should be consulted.
As stated previously the solution for the case of small axial velocity

excess or defect, the tangential velocity can be described by the expres-

sion for the impulsively started vortex,
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rl0 4
Ve"-‘:jﬁ(l-c ) (46)
2
where - N

[, ® e
: 4vz ?

which is the similarity variable for laminar motions. The axial velocity

can be given hy

r 2 F2
W W (2 3 log gﬁ e”t 4 .2 5 £(z)
(2w) vz (2m)“8vz
W og
a -
T8z °

where a is a constant fixed by the upstream conditions, and

£(z) = ™" (log £ + ei(z) - .807) + 2 ei(g) - 2 ei(2r)
where ei(Z) = the exponential integral.

Finally the pressure can be obtained by

2
. I" - “C 2 -
. P-p o W (1-e °) . = ed .
: P (2'rr)2 8vz |_ ¢ +2eilm 2e1(2c{-

The above results were derived by Batchelor16. In order to include

the effects of turbulenceit is usually assumed that

u'v' s - Vp (%%-- v/r) .

The most successful model for vy has pmviouslyl9 been found to be

e e
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v r 2/3
T 0
vom 01 D)

given by Ise and EschenroederZG.

Another parameter often used in swirling flows is the swirl Reynolds l

Number,

v A F(Ac)

= 4
et v 2TV

It is possible to solve for A,c and Vemax from (46), and examinc the

behavior of these properties with downstream distance z.

vuo
\ = ,0507 T —
0 z

8max i (47

1
N
and

c ® v (48)

Any substitution for v can be made as long as it is not a function

of r. By applying the experimental values of Vemax and A., it is possible
to estimate the ratio of turbulent to laminar viscosity. If this "standard"
viscous theory is correct, then the results at a particular point should
produce the same vT/v for both (47) and (48).

Notice that the behavior downstream for cases where Vo # £(2) is ‘

predicted to be
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RESULTS AND DISCUSSION

The theoretical and experimental results obtained produced an
interesting and unified picture of the farfield structure of an air-
craft trailing vortex. An experimental vortex was obtained which was
shown to agree well with theoretical considerations for the outer vortex
and with an empirical equation derived from investigations of full scale
aircraft trailing vortices. ’

The results of the theoretical investigation for several types of
wings are shown in Figures 20, 21, 22, and 23. The conclusion to be

drawn is that the vortex will become more intense as the circulation is

concentrated on the outer portion of the wing. This provides theoretical
verification of several experimental observations. GarodZ has concluded
that the vortex is much less intense when originated by a wing con-
figuration in which flaps are deflected. Smith27 has also shown that

the vortex is much less intense if a porous wingtip is used. It is

certain that in such cases the circulation is concentrated near the

wing root. Therefore it appears that any conriguration that generates 1

the major portion of the lift neer the wing root will minimize the

trailing vortex disturbance. For the wind tunnel case the agreement
between experiment and theory is shown in Figure 24. These results can
also be compared to the experimental work of Grov?a, who concluded that

the core size secemed to remain independent of aspect ratio and become
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larger as the taper ratio increased, while the maximum tangential velocity
increases with both aspect ratio and taper. This is entirely consistent
with the theoretical results of Figures 20 and 22, which show increases
in the predicted inviscid circulation in the area of the vortex center.
This comparison with experimental results also seems to warrant the general
conclusion that even though the inviscid theory does not predict a maximum
tangential velocity, it does seem to imply that for a fixed root circulation
Po’ the maximum tangential velocity will become larger as the major portion
of the vorticity is shed near the wing tip. Finally, it seems that Garodz's
observation that some smaller aircraft (¢c.g. DC-9) with very '"clean" wing
configurations produce very intense vortices is also compatable with the
theoretical predictions. Therefore, the effects of the T-tail cn the
vortices from such aircraft is probably of secondary importance.

The complete experimental results are tabulated in Appendix B. It
should be noted that although runs were made for the modified wing with
no blowing at each station, the differences between these results and the
results of runs with the clean wing at the same station were considerably
smaller than the expected experimental error. Thus, the results of these
runs are not given. It is obviously not necessary to present all of this
data graphically. The results of principal interest are the tangential
and axial velocities and the static pressure and circulation distributions.
It is well known that the radial velocity is a second order term and is
more subject to experimental error since, if the traverse is not made

perfectly, the radial velocity will contain contributions from the other

velocity components which will he of the same order as the radial velocity.
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Therefore, the radial velocity has been tabulated but is not plotted.
The tangential velocity profiles are plotted for each case in the

conventional manncr in which the Cylindrical coordinate velocities are

shown in a way similiar to the typical plots of downwash distribution

behind a wing. Each figure contains the inviscid prediction based on
the present work, and an empirical prediction proposed by McCormick29

and based on an analysis of flight test data. The latter is written

as
Ve i 1+ ln(r/AP)
Vomax A
vemax T Ac
where
2 -1/2
Vemax = ,68 CL V_ (1+.00063 —)
. cCp
and
. 1/2
A, = .02CC. (1+.00063 *— ) R
c o'l -
(o} cCL
with Co = midspan chord of wing
¢ = mean chord of aircraft ‘
CL = wing 1lift coefficient
C. =

= midspan section lift coefficient.

While it appears that the expression for Vemax and Ac are purely

empirical, the expression for Vo(r) is based on the analysis of Hoffman

and Joubert10

- They predict that the circulation distribution should be
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proportional to In r. This will fail as r » o and as r + » the circulation
will not converge to some constant value. Thus this relation can be
expected to be valid over a limited range, as Hoffman and Joubert have
shown experimentally. Since the results agree fairly well with McCormick's
empirical theory it proves instructive to plot the distribution of cir-
culation for the present work. It can be seen in Figure 40 that the 1
present theory is also a linear function of ln r in the region around Ac.
From this figure it is not clear whether this result is general or happens
to coincide with the Hoffman and Joubert result only for the rectangular
wing case. 1In general the inviscid predictions of the present work will
not be linear functions of 1n r, but in order to examine this around Ac,
the value of A, must be known from experiment.

Examination of vortex tangential velocity profiles shows good

agreement with the inviscid theory and adequate correlation with the

flight test derived empirical equation. It is seen that as the vortex

moves downsiream there is very little decay. The change of Vemax and

A with z/c are given in Figures 42 and 43. It is seen that the decay

4

~; -:’ {'. is much less than the standard prediction of (z/c)"k for vemax and (z/c)li
j - for Ac. Note that as the vortex moves downstream the outer portion of
the vortex '"widens". This must be the initial effect of viscous decay.

The effect of mass injection for three downstream stations at vV, =70

fps is shown on the appropriate figures. Examination of these figures o

shows the drastic effect of mass injection on the tangential velocity. It is

important to notice that the profiles converge to the zero mass injection

N €

case for the outer portion of the vortex, showing that the total amount of
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circulation in the vortex has not been changed but that the vorticity
has been distributed over a larger area. The trend of larger core
radius and low tangential velocities scems to be continuing as the

vortex moves downstream. Figure 45 shows the effect of mass injection

on the characteristic core parameters Vemax and AC at z/c = 30. This

result is in agreement with the work of Rinehartso, who predicted these
effects from analytical consideiations.

These results seem to indicate that mass injection is much more
effective than the experimental results of Poppleton indicated. The
difference could be due to the fact that Poppleton used a split wing
and injected directly in the axial direction, while in the present
case a simple wing was used with the injection parallel to the wing
tip. Since the wing was at an angle of attack, the mass injection
was not entirely directed along the vortex center, but was slightly
skewed.

It appears that the effect of mass injection is primarily that
of introducing large amounts of turbulence into the core area during
formation of the vortex, resulting in large eddies that help diffuse
the vorticity. If this is the case, then it is possible that any
method which would cause large amounts of turbulence to be generated
in the area of the wing tip would have an equivalent effect. An
estimate of the mass injection necessary to eliminate a single vortex

is made in Figure 46 for wvarious landing weights assuming a constant

approach velocity for all weights. This estimate is made based on the

it
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assumption that fo. the root circulation on the wind tunnel model the
moderate blowing case has produced a sufficient amount of reduction in
tangential velocity. In addition, Mironer31 has recently shown that

in order to increase diffusion of the corc through heating cffects, the
heating must be placed in the outer portion of the vortex. Thus very
large but perhaps not impossible amounts of injection seem to be cequired
for vortex dispersion through mass injection.

Examination of the axial velocities, VZ (Figures 34, 35), shows
that for the no mass injection case there is no large excess or deficit,
and it is difficult to detect a trend. In the V., = 100 fps case it may
be possible to conclude that some axial velocity excess exists in the
core region and the variations from the freestream are more pronounced.
In the mass injection case the effect of the jet is not as pronounced
as might be expected. Indeed in the full injection case at far down-
stream stations the axial velocity on the axis is less than in the
moderate blowing case. The chief effect of full mass injection is to
"fill out'" the velocity profile. It is possible to understand this
phenomenon by noting the coupling effect with which the tangential
velocity governs the pressure distribution in the vortex, which in turn
governs the axial velocity distributions. Thus, as the increase in
injection decreases the maximum tangential velocity, the static pressure
deficit in the vortex is reduced and the axial velocity appears to lose

the large velocity excess that would appear if there were no swirl.

The static pressure distributions obtained are shown in Figure 36

-l
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and 37. It should be recalled that the theorctical curve was used to reduce
the data in the case of zero mass injection. It can readily be seen that
the use of the theory is justified by the excellent correlation of the

data, where the theory has been keyed to the experimental data at the
conterline. In the V_ = 100 fps it is seen that there are few data points.
This is the result of the off-scale response of the manometers after the
probe was moved slightly from the center of the vortex. Because the probe
rotation could cause a large disturbance of the vortex, the probe was not
rotated. The results obtained at the V_ = 100 fps case show adequate agree-
ment with theory for the few recorded points.

Figures 38 and 39 are typical circulation distributions. It is easily
seen that in general the data follows the theoretical prediction. Exceptions
are the core region circulation deficiency, the circulation "overshoot"
immediately outside the core,and the region far from the core which shows
a large degree of data scatter. It is also observed that even at distances
of 10 core radii the circulation is still far from the value at the wing
root. 1In the light of the present theory this is to be expected. Previous
investigatiions have obtained similiar results, but were unable to explain
AC/I‘° =

vV, = 100 fps, Ty /I‘o = .40. This is much lower than the predicted value
C

of .72 for standard viscous theory.

the results. For the present work at V=70 fps, T .46 and for

The circulation near the center of the vortex is that expected for
a solid body tpe rotation. At distances of AC and slightly greater from
the core the circulation "overshoots" the predicted inviscid circulation

values. This would be expected from examination of the tangential velocity

profiles. Donaldson33 has noted this behavior previously in a more

-
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restrictive class of theoretical oxaminations which did not account for
the inviscid circulation given by the method of Betz., His results showed
that this only occurred in turbulent flows. This would seem to indicate
that the primary turbulence effect is to "pull" more at the fluid along
with the core than would be expected. Indeed this leads to the image of
a circular cylinder placed in an external circulation field and suddenly
set in rotation (Rayleigh Problem). The result would be an increase of
tangential velocity which would be added to the inviscid external tangential
velocity. This would cause the circulation to "overshoot' the value in

the area of the core. In the region far from the core there is a large
degree of data scatter. This would be a result of magnification of
experimental error in the farfield. It seems that the error inherent

in the long times for settled values and the small changes in reading for
each point far from the core could easily result in the high amounts of data
scatter. wote that good symmetry is shown in the area of the core. The
effects of mass injection are clear in Figure 38. It is seen that the

value of the circulation is approaching the expected inviscid prediction

and that the circulation is not destroyed on the mass injection.

By the use of standard viscous theory (Eqns (47), and (48)) the effective
eddy viscosity vf can be calculated. The results are shown in Figure 41. It
can be seen that v based on AC is quite different than Vp calculated from
vemax' For this reason the standard viscous theory was not compared to the

data. 3ince it is impossible to simultanecusly match Vomax 2nd AC from the

ax
relation

[ S
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it would appear that the concept of using an eddy viscosity at the form

where k is a constant, is inadequate in deseribing turbulent vortex flows,
and some other method should be used. One sophisticated method for isolated
vortices has been proposed by Donaldson, and this method may be investigated
to see if it is possible to generalize Donaldson's "Method of Invariant
Modeling" to include aircraft generated vortices. For the low turbulence
environment of the present work, Figure 41 shows that Vp ¥V 8s z/c +

for Vp based on V The eddy viscosity based on A, is less than unity,

fmax’
which is also a violation of the standard viscous theory. In the past,
theoreticians have considered vp constant at each downstream station.
From the axial velocity profiles it is seen that (Vz-Vw) << V_, which

would imply that standard viscous theory would apply if the motion were

laminar, and turbulence must be responsible for the above effects.




CONCLUSIONS AND RECOMMENDATIONS

A vortex was generated in the Virginia Téch 6»?9&£ Subsonic Wind
Tunnel and it has been found possible to use a prove to fnvestigate the
detailed structure of the mean flowfield of the vortex ovef the entire
test section length. This contradicts previous investigators who previously
concluded thav it would be impossible to probe the vortex at large distances
downstream,

Summarizing the detailed findings, it is concluded that the axial
velocity is nearly constant across the vortex, tangential velocities were
found to be higher than the near wing velocities found by Chigier and to
show a much smaller rate of decay than the value predicted by standard
viscous theory. Also, the core diameter has been found to be approximately
12% of the wing chord and essentially constant as the vortex travels down-
stream, in agreement with the near wing work of Gasparek and Chigier. Finally,
in the very low ambient trubulence level environment of the present work,
the turbulent eddy viscosity has been shown to decay rapidly, approaching
vhe molecular viscosity far downstream.

Mass injection at the wing tip has been shown to be an effective
means of destruying the high peak tanjgential velocities in the vortex
through the introduction of large scaie turbulence into the core area.

It has also been concluded that the generalization of the method of
Delz has been shown to fit the outer portion of the experimental vortex

excellently.

Use of the existing methods of description for viscous vortex fiows

48
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have been shown to be unable to describe both the core radius and
maximum tangential velocity simultaneously. Since it was felt that it
was the combination of these vortex properties that constitute the most
important parameter, it was concluded that present theories are inadequate
and must be ro-evaluated on the basis of the present findings on the
distribution of the outer circulation.

It is recommended that the ¢ffect of ambient turbulence on vortex
decay be studied experimentally.

Flight test measurcments using the apparatus being developed in
conjunction with NASA Wallops Station to measure ground wind structure
should be used to obtain data on large scale vortices and at long times

after initial development,

Alternate methods of introducing large scale turbulence into the
core should be investigated.

The present inviscid theory should be modified to include the
effects of viscosity, with the final result showing the detailed
structure of the vortex for each type of wing.

Advanced instrumentation such as the Laser Doppler Anemometer should

be used to measure the vortex flow in order that the probe disturbance

error be eliminated.
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APPENDIX A
ERROR ANALYSIS

It has been shown that free turbulent flows with large swirl tend
to react to the presence of any probe. It is therefore necessary to
consider the vortex-probe interaction as the chief source of error. This
error is the most difficult to asess accurately and reduce by improved
experimental methods. This error is discussed after the basic experimental
error is reviewed.

The basic errors introduced by each mechanical aspect of the experi-

ment are as follows:

1. Tunnel dynamic pressure varied slightly during the test, and it
is estimated that the maximum error is * 2%.

2. Freestream temperature varied over the tests, yet the average
temperature for each run was used. The instantaneous temperature
varied from the average for each run by as much as + 12° F.

3. Probe position error is estimated at * 0.005 inches in translation
and + 0,2° in rotation (due to freestream temperature varience
effect on the potentiometers).

4. Flow angularity error based on pre-test tunnel calibration t 0.3°
in pitch and * 0.3° in yaw.

5. The local dynamic pressure exhibited a maximum variation of + 0.01
inches of H20 in pre-test calibration.

6. Static pressure was the most diffucult property to measure. For

the cases involving mass injection the static probe was used and

S
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any resulting error was due to possible misalignment of the

probe with the local flow. For the low flow angularities (7° max)
it is seen from Figure 14 that maximum error would be about .01
inches of HZO’ which was roughly twice the possible measurement
error, and thus very small., In the zero mass injection cuse the
static pressure probe was not used. The method of Winternitz®>
in which static pressures were found from the yawhead probe was
used. In this instance static pressures were calculated from
calibration which assumed that the pitch aagle of the flow was
zero. Although the pitch angle was zero at the vortex ¢ nter,

it did deviate during the traverse due to radial flow and
possibly due to probe vortex interaction. Calibration curves
showed little sensitivity to constant pitch angles at + 5°,
Therefore it was felt that adequate accuracy was obtainable using
this method. By use of this method a high degree of confidence
could be obtained in the proper positioning of the probe in the
vortex. Dosanjh34, et. al., have asserted that the method of
Winternitz would be inaccurate in vortex flows; however, Gasparek
did not actually attempt to use the method and it seems that

there was no experimental evidence upon which to base the assertion.
Winternitz states that accuracies Qf t 1% of actual static pressure
measurements can be expected. As an indication of the accuracy

of the method, the predicted vemax based on the centerline static

pressure was made at z/c = 10, V_ = 70 fps. It was found that the

resulting Vemax = 40 fps at Ac would be a very good approximation

to the extrapolated value base on the slope of the curve at r = 0
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in Figure 24, From this result and the excellent agreement

between the data and theory when the theory is keyed to the ‘

centerline data it seems safe to assume that the static pressure !

‘ has been determined accurately. For purposes of the present

; work the maximum static pressure error will be considered to be
; three times larger than the figure given by Winternitz.
}E 7. Manometer error was investigated by comparison with the Merriam :
: Micro-manometer. Error was less than the smallest measurable
unit used in this experiment.

8. Due to the need to manually move the traverse laterally to ;
locate the vortex center, an error due to slight misallignment
arises. It is estimated that the vortex center could have
been '"missed" by + .05 inch.

9. Every error stated thus far interacts in the final calculation
of velocity. Without considering the effect of probe vortex

f% interaction it is now possible to estimate the experimental

error of velocities. As an example the maximum error of :

; Vemax at z/c = 10, V_ = 70 fps is calculated. The result is

found to be * .9 fps. It should be remembered that this would

constitute a maximum error and it is very unlikely that any

N

f data point would actually be subject to this error. This
calculation also neglects probe vortex interaction which is

discussed in the next section.

e

The first attempts to analyze probe-vortex interaction were made

using flow visualization methods. Initiaily the traverse was placed

behind a tuft grid. The probe was moved through the vortex and the grid
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was studied to see if any vortex movement was observable with probe
movement. The results showed that the vortex did not move by an
observable amount, however the tuft grid spacing consisted of one inch
squarcs and subsequent work shows that the vortex core diameter is of the
order of one inch or less in diameter. Thus, small movement of the core
could n~v be observed by the tuft grid. In order to insure that
the probe did not destroy the vortex, a rod with a small yarn tuft was
used to examine the flowfield behind the probe. Results indicated that
the vortex was not destroyed by the probe and seemed the same both before
and after passing the probe. Thus it can be assumed that the velocity
profiles obhtained are not seriously affected by the presence of the probe.
Because of the high speed solid body rotation of the vortex core, it
is instructive to assume that. the vortex will tend to roll around the
probe shaft and it is possible to make a rough estimate of the rotation
angle 6. The effect on the velocity components can then be calculated.
In order to estimate the angle 6 it should first be noted that Vz is
identical in both the rectangular and cylindrical coordinate systems.
Inspection of the experimental data for Vz based on constant static pres-
sure reveals a continuous curve,.which seems to imply no "jump'" of vortex
position as the probe moves through the vortex. The estimate of © was made
because the method of traversing the vortex was to make a traverse where
6 = 0° and the data reduction was performed with this assumption. An error
in the 'relative" 6 of the probe position and vortex center would therefore
lead to errors in velocity profiles. By making the crude assumption that

Vr = 0, (it has been shown that Vr is a second order term theoretically)

and sacrificing this information then we can obtain an estimate of © by

S—
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solving the transformation equations for 6 as follows:

Vr =@ Vx cos 6 + Vy sin 6 = 0,

and substituting for Vx and Vy,

V sin (FP) cos 6 + V cos (FP) sin (FY) sin 6 = 0,

or
- -1 tan (FP)
6 =tan © (- STOPY)) -

The experimental data is then used to compute a corrected Ve by
Ve = -Vx sin 6 + Vy cos ©

Ve = V (cos(FP) sin(FY) cos® - sin(FP) sind) .
c

Results show that Ve is only slightly different then Ve.
c
As previously mentioned, the vortex was shifted by rotation of the

An estimate of the "amount" of shift was made by rotating the

probe.
probe at the center of the vortex. The change in pitch angle as the

probe was rotated in yaw was then considered proportional to the

equivalent angle in yaw for the distance from the vortex center based

on the previous traverses. The results showed the following vortex

displacements.
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Movement of Pitch Displacement
Probe in Yaw Angularity of Vortax ~ %Ac
? 0 ° 0o ° 0%
12.1° 3.6° 5-3/4%
15,58° 5.0° 8%
-4,8° ~1.8° 1/2%
-14.8° -5.0° 8%
-18,2° -5.4° 8-1/2%

'.!'!

Thus it was easily seen that the rotation of the probe in the vortex

caused considerable error in the relative position of the vortex and

probe,

Another estimate of vortex probe interaction can be made in the case

o ™0k ST <A -

where the probe is in the outer portion of the vortex. Using potential

-

theory a circular cylinder of radius a can be placed in a field of ﬁortex

vk

ok B motion. The solution for this problem is well known, where three vortices

PR

are used so that one is a distance r away from the circular cylinder, and

'ﬁ two equal strength vortices are placed such that a circular cylinder of

-

\v radius a is obtained as a streamline,.

e -

The result is that there is no moment on the probe, and the force

due to the vortex is

> o
U1 |

g 22
".;,. . F =- EF_.ET_Z__
i, 2nr(r°-a”)

;' This illustrates clearly that a repulsive force will exist between
the vortex and probe.

Thus although probe-vortex interaction has been shown to exist, it
was found for the case involving the estimate of 0 that very little effect
on the tangential velocity could be found. It has also been shown that

if the piobe is not rotated in the area of the core the interaction can

o R
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be minimized, and finally it was found that » small repellant force

should exist between the probe and the vortex for the area in the outer
portion of the vortex. It is therefore assumed that although a
definite relation has been established, the affect of vortex-probe
interaction has been minimized in the experimental procedure and is

: assumed ncgligible in the calculation of results.

The wind tunnel data has not been corrected for wall effects and
it is instructive to exawine the possible error arising from neglect-
ing the wall effects. A simple image system can be used to insure that
the boundary condition at the tunnel walls (zero: norndl velocity) is
satisfied. The use of these images, and the resulting deflection of
the streamlines causes the circumferential velocity to be different
than that of a vortex in an unconfined environment. Because we are
interested in the effect of the walls only near the actual trailing
vortex, the velocity disturbances due to the images will be calculated
at the point of the actual vortex.

For the case of the present work the velocity correction was

calculated in terms of a spanwise and normal component. The results

were,

Vx = -,077 ft/sec

Vy = +,332 ft/sec

which was clearly insignificant compared to basic experimental error.
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TABLE 2

WING CHARACTERISTICS INCLUDING JET OPERATING CONDITIONS

Wing Characteristics

Chord = 2/3 ft.

Semi-span = 4 ft.

Angle of Attack = 7-1/2°

Airfoil = NACA 0012 '

Reg = 2.5 x 10°, 3.5 x 10°
c = .674
m=2.15 x 1074, 3.3 x 107 s1ugs/sec
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TABLE 3

PARAMETER STUDY

Test Z/C Q Wing Mass Injection(a)
(Dyn. Press)

1 10 1" Hy0 Clean m———
2 2'" Hy0 Clean ———-
3 1" Hy0 Mod. 0
4 1 H,0 Mod. Moderate
5 1" H20 Mod. Full
6 15 1" Ho0 Clean ——--
7 2" Hp0 Clean ————
8 20 1" H20 Clean ————
9 2" Ho0 Clean ————
10 1'" Hy0 Mod. 0
, 11 1" Hy0 Mod. Moderate
12 1'* Hy0 Mod. Full
13 25 1" H20 Clean ————
14 2" H0 Clean ————
15 30 1" H20 Clean m——- :
16 2" H20 Clean ———— ,
17 1" Hp0 Mod. 0 '
18 1" H20 Mod. Moderate
19 1" Hy0 Mod. Full )

(a) moderate - 151 = 0.000215 slugs/sec
full m = 8.00035 slugs/sec
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TABLE 4

SUMMARY OF DATA FIGURES

Figure No. Variables Parameter Comments
20 I‘/I‘o vs R/S Aspect Ratio Rectangular Wings
21 P/Po vs R/S Twist Angle Rectangular Wings
22 I‘/I‘° vs R/S Taper Ratio Tapered Wings
23 Ve vs R Angle of Attack Wind Tunnel Model
24 Ve vs R Mass Flow V_ =70 FPS, Z/C = 10
25 Vg vs R —--- V_ = 70 FPS, Z/C = 15
26 Ve vs R Mass Flow V_ =70 FPS, Z/C = 2¢
27 Ve vs R ce-- V., =70 FPS, Z/C = 25
28 Ve vs R Mass Flow V, =70 FPS, Z/C = 30
29 Ve vs R ———— V, = 100 FPS, Z/C = 10
30 Ve vs R ———— V_ =100 FPS, Z/C = 15
31 Ve vs R - vV, = 100 FPS, Z/C = 20
32 Ve vs R ———— V_, = 100 FPS, Z/C = 25
33 Ve vs R ———— V, = 100 FPS, Z/C = 30
34 Vz vs R Mass Flow V, = 70 FPS
35 V, vs R coe- V_ = 100 FPS
36 Pst vs R Mass Flow V., = 70 FPS
37 pst vs R ~—e- vV, = 100 FPS
38 I'vs R Mass Flow V., = 70 FPS
39 I vs R ---- | V_ = 100 FPS
40 I' vs 1nR --—- vV, =70 FPS
41 vT/v vs Z/C vema§’ Ac Based 6n Std. Viscous Theory
42 Vomax VS /€ V_, m ———
43 Ac vs Z/C Vs m ——
44 Pstruo vs Z/C. vV, m ————
45 vemax' Ac VEM caee Z/C = 30




114 '

e R a2



PITCH 2
~[DEG. -2

vaw 2
ANGLE 0

"'nia. bz

© SECTION MIDPOINT
o WING STATION

ANGLE ¢ 08‘5‘888689@8@8@@8@@@000@

= B . E D D
00858080080 EB0000

1.04

96}

-

. No
-0056808085 5o aB8o00, |

I | | L _

42 a0 1 2
DISTANCE FROM TUNNEL CENTERLINE ~ FEET

FIG.2 CALIBRATION OF VIRGINIA TECH 6-FOOT
SUBSONIC WIND TUNNEL \.=70 FPS

PR B

-

3
1




TEST SECTION
FRONT.. ..

WING MOUNTING ...




—_— - e - - - - — ——
| } SHAPE ~~ NACA 0012
MODIFIEDWING SHAPE ~NA0P U
1/4in. 0.D.
COPPER TUBE o
MODIFIED TiP SHAPE
TUNNEL ROOF
N JET EXIT O \WiNa PLANFORM |

FG.4 WING AND MODIFICATION

DT S




118

FIBS EFFECT OF MASS INJECTION ON
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FIG 22 RELATION OF TAPERED WING
AND VORTEX CIRCULATION DISTRIBUTION ]
FOR VARIOUS TAPER RATIOS
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FIG. 31 TANGENTIAL VELOCITY PROFILES
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